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Abstract. Consider W a multidimensional centered and continuous Gauss- 
ian process with independent components such that a geometric rough path 
exists over it and X the solution (in rough paths sense) of a stochastic differ- 
ential equation driven by W on [0,T] with bounded coefficients (T > 0). 
We prove the existence and compute the sensitivity of E[F(X'7')] to any vari- 
ation of the initial condition and to any variation of the volatility function. 
On one hand, the theory of rough differential equations allows us to con- 
clude when F is differentiable. On the other hand, using Malliavin calculus, 
the condition F is differentiable can be dropped under assumptions on the 
Cameron-Martin's space of W when F . 

Finally, we provide an application in finance in order to illustrate the link with 
the usual computation of Greeks. 
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1. Introduction 

Let W he a, d-dimensional continuous and centered Gaussian process on [0, T] with 
independent components {d G N* and T > 0) . 

Consider the stochastic differential equation (SDE) : 

(1) dXf = b (Xf dt + a (Xf dWt with Xq"'" = xeR'^ 
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where b and a are two bounded functions. 

We show the existence and compute the sensitivity of 

to any variation of the initial condition x and then to any variation of the volatihty 
function a as well. 

When is a Brownian motion, it is well known that fx is differentiable everywhere 
(cf. H. Kunita [19J. For every x,v G M'', there exists a d-dimensional stochastic 
process h^''", adapted to the natural filtration of W on [0,T], such that : 

(2) d,fT{x,a).v = E[F{X-^^^)SCh^^-)] 

where S is the divergence operator matching with Ito's stochastic integral for pro- 
cesses adapted to the natural filtration of W. Similarly, 

(3) d^Mx, a).a = E[FiX^^^)6irn] 

where fj'^-'"' is a d-dimensional anticipative stochastic process defined on [0,T]. 

In jini, E. Fournie et al. established ([2| and ^ when W is a Brownian motion, 
b and a are differentiable with bounded and Lipschitz derivatives and a satisfies a 
uniform elliptic condition to ensure that h^'^ and fj"'''^ belongs to dom((5). In |15| . 
E. Gobet and R. Miinos extended results of E. Fournie et al. [TD] by supposing that 
a only satisfies Hormander's condition. For applications in Black-Scholes model 
and Vasicek's interest rate model, cf. j2l], Chapter 2 and |29], Chapter 5. The 
case of signals with jumps is handled by N. Privault et al. in [18] and [31] but not 
covered here. Finally, J. Teichmann provides an estimator for weights 5{h^'^) and 
5(ff''") using cubature formulas when S is a Brownian motion (cf. J. Teichmann 

The main purpose of this paper is to prove that Q and ([s]) are still true when 
W is not a semimartingale. The deterministic rough paths framework dramatically 
simplifies every proofs, even in the Brownian motion's case mentioned above. 

In order to take ([l]) as a rough differential equation (RDE), we will add sharper 
assumptions on W , b and a in the sequel. Rough paths have been introduced by T. 
Lyons in j^. Since 1998, many authors have developed that theory, in particular 
for stochastic analysis : P. Friz and N. Victoir, M. Gubinelli, A. Lejay, L. Coutin, S. 
Tindel, T. Lyons, etc. Here, the approach of P. Friz and N. Victoir is particularly 
well adapted because is a Gaussian signal. 

We also suggest applications of these results in finance. In an example, we consider 
a market defined by a SDE in which the volatility is the solution of an equation 
driven by a fractional Brownian motion. Then, we compute the sensitivity of an 
option's price to variations of that second equation's parameters. In that case, the 
rough paths approach is crucial and allows to go over limitations of the stochastic 
calculus framework. 

At sections 2 and 3, we state useful results on rough differential equations (and 
extend some of them) coming from P. Friz and N. Victoir [TT] and [T^] and recently 
from T. Cass, C. Litterer and T. Lyons [2]- Section 4 (resp. 5) is devoted to prove 
the existence and compute the sensitivity of fxix, u) to variations of x (resp. a) by 
using results of sections 2 and 3. The definition of the fractional Brownian motion 
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and some of its properties are provided at Section 6. At Section 7, we develop 
the application in finance mentioned above. Finally, at Section 8, we construct an 
estimator for each sensitivity when W is a, fractional Brownian motion with Hurst 
parameter H > 1/2. 

In order to take ([T]) as a rough differential equation, b and a have to satisfy the 
following assumption : 

Assumption 1.1. There exists p ^ 1 such that : 

b e dP^+^R"^) and a G C^'P^+^ [M'^;X(M'^)] . 
Moreover, b and a are bounded with bounded derivatives. 

We denote by E the space of functions satisfying the same properties than a, (., .) 
the scalar product on M'^, ||.|| the associated euclidean norm and ||.||£ (resp. 
the usual norm on (resp. Aid{^))- 

In the sequel, we also assume that F : M"^ — M satisfies one of the following 
hypothesis : 

Assumption 1.2. The function F belongs to C^{W^]'R) and there exists {C f t N p) G 
M.\ X N* such that : 

\Jx e R'^, \F{x)\ Cf(1 + ||a;||)^^ and \\DF{x)\\c < Cf{1 + M)^" . 

Assumption 1.3. The function F belongs to L'^{R'^) and there exists {Cp^Np) € 
R*_^ X N* such that : 

VxeM^ |F(a;)| s$ + ||a;||)^^. 

2. Rough differential equations 

In a sake of completeness, we present P. Friz and N. Victoir's approach of rough 
differential equations, [T^], Part 2. Propositions 2.16 2.17 and 2.19 and Lemma 



2.18 are new (or extensions of existing) results. 



For ^ s <t ^T, consider D^.t the set of subdivisions for [s,t], 

As,t = e : s sC M < u sC t} and At = Ao,t- 

Let T^{R'^) be the step-A^ tensor algebra over R'^ {N eW) : 

N 

{R<^)^^{Rdf\ 

2=0 

For i = 1, . . . , iV, (K'*)'** is equipped with its euclidean norm 

Definition 2.1. A function lo : At — > R+ is a control if and only if uj is continu- 
ous, Lo{s,s) = for every s £ [0,T] and lj is superadditive : 

V(s, t) e At, Vu G [s, t], u!{s, u) + uj{u, t) ^ cj(s, t). 

Definition 2.2. For every {s,t) G At, a function y : [s,t] R"^ is of finite 
p-variation if and only if, 

i/p 

\y\\p-var;s,t ^ SUp I > 1 1 yr^ + i - 2/r J ^ < ^■ 
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In the sequel, the space of continuous functions with finite p-variation will be de- 
noted by : 

CP-™'' ([s,t];M'') . 

Definition 2.3. Let y : [0,T] — )■ M'' be a continuous function of finite 1-variation. 
The step-N signature of y is the functional SN{y) '■ — > {M.'^) such that for 
every (s, t) e and i — 1, . . . , N , 

Sn-sAv) = / ^y^i «) • • • ® dyr^. 

J s<ri<r2<-<ri<t 

Moreover, 

G^iR'') = {SN;o.Tiy);y^ Ci-™^([0,T];M'')} 
is the step-N free nilpotent group over . 

Definition 2.4. For every {s,t) e At, a map Y : A^,* -> G^{R'^) is of finite 
p-variation if and only if 

f\D\-i y/p 

\\Y\\p.var;s^ ^ SUp V 1 1 + i 1 1 c < OO 

D={r,}eD^,, y j 

where, \\.\\c is the Carnot-Caratheodory's norm such that for every g G G^{M.'^), 

\\g\\c = inf {length(y); y G ^^-^^([O, T]; M"^) and SN-fiAv) = d} • 

Remark. The Carnot-Caratheodory's norm induces a metric dc on G'^ {M.'^), called 
Carnot-Caratheodory's distance (cf. |T2], Section 7.5.4). 

In the sequel, the space of continuous functions from Ag^t into G^(M'^) with fi- 
nite p-variation will be denoted by : 

CP-™''([s,i];G^(M'^)). 

On that space, we consider the following metric called homogeneous distance in 
p-variation : 

i/p 



dp-var;s,t(^,'5^) = SUp 

D={rk}eD, 



\D\-1 
k = l 



Let's define the Lipschitz regularity in the sense of Stein : 

Definition 2.5. Consider 7 > 0. ^ map V : R"^ ^ R is •^-Lipschitz (in the sense 
of Stein) if and only if V is C^'^^ on M'^, bounded, with bounded derivatives and 
such that the [7j-i/i derivative of V is {jy-Holder continuous (\_"f\ is the largest 
integer strictly smaller than 7 and {7} = 7 — 

Now, we remind the usual existence and uniqueness result of an ODE's solution : 

Proposition 2.6. Consider w ; [0,7"] — > R'^ a continuous function of finite 1- 
variation, V a collection of vector fields onR"^ and the ordinary differential equation 

(4) dyt = V (yt) dwt with initial condition yo G R'^ . 

If V is continuous and bounded, ^ admits at least one solution. Moreover, if V is 
Lipschitz, ^ admits a unique solution denoted by nv{0,yo',w). 
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The cornerstone of P. Friz and N. Victoir's results is Davie's lemma (cf. A.M. Davie 



[5]). Indeed, that lemma allows to extend Proposition 2.6 to the case of a function 
w of finite p- variation with p > 1. 

It is stated as follow by P. Friz and N. Victoir (cf. [12 , Lemma 10.7) : 

Lemma 2.7. Let V be a collection of (7 — \)-Lipschitz vector fields on (7 > 
p). There exists a constant Cdl > 0, depending on p and 7, such that for every 
{s,t) e At, 

IKv(0,yo;«^)llp.„ar;s,t < ^DL X 

\\y\\up-'-^\\S[p]iw)\\p.yar;s,t V \\V\\l^^._^\\S[p]{w)\\''p_^^^.,^t 

Now, w is just be a continuous function of finite p-variation such that a geometric 
p-rough path W exists over it. 

In other words, j = Wt — Wg for every (s, t) S At and, there exists an ap- 
proximating sequence (w" , n G N) of continuous functions of finite 1-variation such 
that : 

lim d„T [Sip] («;"); W] =0. 

n— foo ^ ' L Lf-j J 

Remark. By P. Friz and N. Victoir [T^, Theorem 9.26, there also exists a geometric 
p-rough path over w = (w;, Id[o,T]) '■ 

W = 5[p] (W®Id[o,T]). 

It is useful in order to consider equations with a drift term. For a rigorous con- 
struction of Young pairing, the reader can refer to |12| . Section 9.4. 

Rigorously, a RDE's solution is defined as follow (cf. P"2 , Definition 10.17) : 

Definition 2.8. LetV be a collection of vector fields onM'^. A continuous function 
y : [0,T] — !■ M'^ is a solution of dy = V{y)dW with initial condition yo € M.'^ if and 
only if 

lim IItt,/ (0,?;o;u'") - 2/|loo-T = 

n->oo ' 

where, ||.||oo:T is the uniform norm on [0,r]. If there exists a unique solution, it is 
denoted by ny (0, j/q! W). 

Proposition 2.9. Let V be a collection of (7 — 1)-Lipschitz vector fields on M.'^ 
(1 > p)- Equation dy = V^(y)(iW with initial condition yo G K'^ admits at least one 



solution y (in the sense of Definition 2.8) and there exists a constant Crde > 0, 
depending on p and 7, such that for every {s,t) G At, 

(5) \\y\\p-.ar:.s,t ^ (ll ^11 i.p.- II W||„.,t V || 1/ |1 W||^._^,,,) . 

Moreover, if V is j-Lipschitz, there exists a unique solution. 

Remark. By reading carefully P. Friz and N. Victoir's proofs of [12], Proposi- 
tion 10.3, Lemma 10.5, Lemma 10.7 and Theorem 10.14, one can show that Crde 
doesn't depend on yo, V and W. 

With the same ideas, P. Friz and N. Victoir proved similar results for full RDEs 
(cf. [12], Theorem 10.36) and RDEs driven along (affine-) linear vector fields (cf. 
[H], Theorem 10.53). 



The notion of RDE's solution we defined above is matching with the notion of 
ode's solution in rough paths sense of T. Lyons. Indeed, a RDE's solution for T. 
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Lyons, called a full RDE's solution by P. Friz and N. Victoir, must be a p-rough 
path (cf. [23], Section 6.3). Rigorously, a full RDE's solution is defined as follow 
(cf. P], Definition 10.34) : 

Definition 2.10. A continuous function Y : Aj- — > G^^^R'^) is a solution of the 
full rough differential equation dY = V{Y)dW with initial condition Yq S G'[^1(M'') 
if and only if Yq (8) S'[p] (y") converges uniformly to Y when n oo, where y" = 
7rv'(0, Yj; w"). If there exists a unique solution, it is denoted by 7rv'(0, Yq; W). 

The following proposition summarizes [12_, Theorem 10.36 and Corollary 10.40 : 

Proposition 2.11. Let V he a collection of (7 — 1)-Lipschitz vector fields on 
(-1 > p). Equation dY = V{Y)dW with initial c ondit ion Yq € G^p^(R'^) admits at 
least one solution Y (in the sense of Definition 2.10) and there exists a constant 
Cfr > 0, depending on p and 7, such that for every (s, t) £ At, 

||Y||„.,i < Cfr {\\V\\up-,-4mp-var-^s,t V \\V\\l^-,-Am%ar;s,t) ■ 

If V is ^-Lipschitz, there exists a unique solution. 

Moreover, for every R> 0, the ltd map (V,x,Y) f->- irviO, x;Y) is uniformly con- 
tinuous from 

Lip'^iR'^) xW^x {\\Y\\p.yar;T ^ R} mto Cf-™''([0,T];GW(M'^)). 

By equipping {\\Y\\p.var-T < R} and CP-™''([0, T]; G[p1(M'*)) with d^c-T, the ltd map 
is still uniformly continuous. 

When is a collection of linear vector fields, we have the similar following result 
(cf. Theorem 10.53 and Exercice 10.55) : 

Proposition 2.12. Let V be the collection of linear vector fields defined by Vi{y) = 
AiV + bi for every y e M'^ and i = 1, . . . ,d (A^ G Mdi^-) and hi G M*^/ Assume 
there exists a constant M^fj > such that : 

max + ||&,|| ^ Mlr 

i—l,...,d 

and consider a control cu : A^^ — > such that, for every (s, t) G At, 

Equation dy — V{y)d'W with initial condition yo G M."^ admits a unique solution and 
there exists a constant Clr > 0, not depending on W, such that : 



l7rv(0,yo;W)||oo;T < Cifl(l + ||2/oll)cxp 



\D\-i 

Clr sup ^ w(ri,,rfc+i) 



Moreover, there exists a constant Clr > 0, not depending on W, such that for every 
is,t) e At, 

IKv;.,t(0,yo;W)|| sc: Clr{1 + \\yo\\)Lo'/P{s,t)e'^--'^^"'^\ 



Remark. By the last inequality in the statement of Proposition 2.12 there exists 
a constant C > 0, not depending on W, such that : 

\\7:AiO,yom\\„T^Ce^'' 

for any R ^ ||W||^_,^t- 

Then, for A e Lip'^(M'') such that i = ^ on the ball ^ Ce'^^}, 

T^A (0,yo; •) = T^A (O'^/o; •) 
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on the ball{||r||^__^^^i?}. 



Therefore, by Proposition 2.11| : the map Y i— 7r^(0, yo!^) is uniformly contin- 
uous from 



{ni^-va.,T^^} intoCP— ([0,r];M'^) 



By equipping these sets with doo-r, the map Y i— > 7r^(0, j/o! i^) is still uniformly 
continuous. 

For P. Friz and N. Victoir, the rough integral of V along W is the projection of a 
particular full RDE's solution (cf. jH], Definition 10.44) : rfY = <I>(Y)dW where, 

Vi = 1, . . . ,d, Va,u; e M'', $j(w,a) = (ei,F,(w)) 

and (ei, . . . , e^) is the canonical basis of M.'^. 

The following proposition ensures the existence, uniqueness and continuity of the 
rough integral when V is a collection of (7 — 1)-Lipschitz vector fields (cf. [12| . 
Theorem 10.47 and Corollary 10.48) : 

Proposition 2.13. Let V be a collection of (7 — 1)-Lipschitz vector fields on M."^ 
(7 > p). There exists a unique rough integral of V along W and there exists a 
constant Cm > 0, depending on p and 7, such that for every (s,i) G At, 



I 



y(W)dW 



p-var]s^t 

Moreover, for every R > 0, the rough integral 



iV,Y)^ J V{Y)dY 

is uniformly continuous from 

Lip^-^R"") X {||r||p-™r;T s; R] into CP-^''-{[0,T];G^P\W')). 

By equipping {\\Y\\p.yar;T R} and Cp-™'^([0, T]; GIpI (E'*)) with d^-r, the rough 
integral is still uniformly continuous. 

Let's introduce some notations frequently used in the sequel and coming from [2] : 

Notations. On one hand, for any a > 0, any compact interval / C and 
any control w : At — > M+, 

\D\-i 

Maj,uj= sup ^ w(rfc,rfc+i). 

('■fc.i'fe+i) $ " 

In particular, 

M„,/^p(W) = M„j,^„_^ 

where, 

V(s,t)e A,, ww,p(s,t) = ||W||P_,,,.,,,. 

On the other hand, 

Na,i,p{'W) = sup{n e N : r„ < sup(/)} 
where, for every i € N, 

tq = inf(/) and 
n+i ^ mi{te I : l|W||^_^a^,.^^ t > a and t > r^} A sup(/). 

Remarks : 
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(1) Note that a e M+ i-> Ma.i.p{W) is increasing. 

(2) At [2], Proposition 4.6, T. Cass, C. Litterer and T. Lyons show that for 
every a > 0, 

(6) M„,/,p(W) < a [2iV„j,p(W) + 1] . 
In the sequel, I = [0,T]. 

Lemma 2.14. For every q G [l,p] satisfying 1/p+l/q > 1, there exists a constant 
q) ^ 1 such that : 

M„,,.p[5[p](W®M] C(p,g)[||/i||^__;^ + A^,,,p(W)] 
for every h E C«-'"'''([0, T]; M'^) and every a>Q. 
Proof Consider h € C«-™''([0, T]; M'^). 

On one hand, for every (s, t) £ At, 

'^W,p(s,i) = ||W||p_var;s,t < || ^[p] (W ® ft.) jj p_var;s,t • 

On the other hand, since ||W|j^_yar ^^nd ||ft||^_var ^^e controls, and p/q^ 1 : 
is a control too. 

Therefore, by [T^, Theorem 9.26 and Exercice 9.21, there exists a constant C{p, q) ^ 
1, not depending on h and W, such that for every {s,t) S A^, 

In conclusion, for every a > 0, 

\D\-1 

M^j,p[S[p]iW(Sh)] C{p,q) sup ^ LL!{rk,rk+i) 

"W.pCffc^ '■fc + l) ^ ex 

^ C{p,q) [l|/^li;var;T+^^o./.p(W)" 

by super-additivity of the control ||/i||q_var- ^ 

The following proposition provides a sharp upper bound for the Jacobian matrix 
of 7ry(0, .; W). For the differentiability of that map cf. [12,, Theorem 11.3, and for 
the upper bound cf. [2 , Corollary 3.4 : 

Proposition 2.15. Let V be a collection of ^-Lipschitz vector fields (7 > p). The 
map 7rv(0, .; W) is continuously differentiable on . For every x G and every 
a > 0, 

(7) ||J.t^||oo;T^C,ce^-*^"--(*) 

where, Cic > Q is a constant depending only on p, 7, a and \\V\\iip-i , and the Ja- 
cobian matrix o/7rv(0,.;W) at point x is viewed as a function belonging to 

CP-™''([o,r],M'''). 

Moreover, is a non singular matrix. For every x G M'* and every a > 0, 

(8) ||(J.t^)-^||oo;T^C/ce^-^^-^-(^) 

where, Cjc > is a constant depending only on p, 7, a and \\V\\iip~/. 
Remarks : 

(1) In the sequel, is simply denoted by J^g- 
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(2) At ||2J, Corollary 3.4, authors only shown inequality Q. However, formally 



t-(-0 



{DV{y,),j:^Q)dw, and 



Jo 

Then, one can show inequality (jsj by replacing V by ~V. 

In the sequel, (J'^g)^^ will be denoted by Jq^ and for every {s,t) € At, 
we put : 

tW _ tW tW „„j tW _ tW tW 

Then, 

tW tW _ tW tW _ t 



2.14 



(3) By applying Lemma 
Then, from Proposition 



to 



and ft, = Id 



[0,T] 



<c(p,i)[rp + M„j,p(w)]. 

(with its notation), for every x G R'^, 



2.15 



where. 



Cic = Cic 



1) V e^-^(f '1)^" . 

In order to use probabilistic results provided in |2j for equations with a drift 

term, that upper bound will be useful. 
We now show that the Ito map is continuously differentiable with respect to the col- 
lection of vector fields and provide an upper bound similar to ([t]) for that derivative 



Proposition 2.16. For every initial condition yo G M.'^, 

V G Up-'iR'^) ^ y^-w = ^v(0,2/o;W) 
is continuously differentiable > p)- 

Moreover, for every V,V e Lip''{R'^;R'^+^), there exists two constants avpiV.V) > 
and CvpiV, V) > 0, not depending on W, such that : 

\\dvy^^^.V\UT ^ CvF(l^,l>)e^""''''^^*'°-<^'^''^-''*^ 

Remark. Since proofs of propositions |2.11| and |2.13| follow the same pattern that 
the proof of Proposition 2.9 in [T^, as the constant Crde ; C'fr and Cri don't 
depend on j/Oi V and W. 

Proof. The first step of the proof follows the same pattern that P. Friz and N. 
Victoir's proof of [H], theorems 11.3 and 11.6. For every V,V G Lip'''(M''), we con- 
struct a candidate for dyy^''^ -V by using an approximating sequence of W. Then, 
we show that differentiable in the direction V by using Taylor's formula 

and continuity results of propositions |2.11| and |2.13| Finally, continuity results of 
propositions 2.11 2.13 and 2.12 (cf. Remark) together with [12], Proposition B.5 
allow to show that V i— ?> Trv{0, j/o! W) is continuously differentiable on Lip'''(M'^). 



The second step of the proof is using similar ideas that in [T^], Exercice 10.55. 
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Step 1. Since W is a geometric p-rough path, there exists an approximating 
sequence (w",^ e N) of continuous functions of finite 1-variation such that : 

lim dp.var;T [^[p] (?«"); W] =0. 

For every n G N and yo ^R'^, 

V e Lip^(M'') ^ y^^" = nv{0, yo; w") 

is continuously differentiable from the ODEs theory. Moreover, for every V,V € 
Lip''(M'^) and every t e [0,T], 



(9) 



vVt 



{DViym.dvyr'''-V)dw^+ I ViyYndw'^ 



In order to obtain a candidate for dvy -V, te| has to be rewritten as follow : 



d (dvyrrv) = A [dvyY-".v) dzY'^'^" 



with 



dz. 



V-n\ , V:n 



dzl and dz^'"' = Fy (^z^'"'^ dw" 
where, A, Fyy and Fy are three collections of vector fields such that for every 
y,w,ai,a2 € M'' and A e 

A{y).{A, w) A.y + w, 
^y,V'(2/>ai).(a2, w) = {{DV{y), .)w,V{y).w) and 
Fv{y).w {V{y).w,w). 

Then, by continuity results (with respect to the driving signal) for the Ito map and 
rough integral provided at propositions 2.11[ 2.13 and 2.12 (cf. Remark) : 

(10) dvy^'-^'^.V = ^„(y) > ^{V) in (CP-™'-([0,T];M'');doo;T), 



with 



(11) 



0, 0; j Fy y (Z^'") dZ^'" 
0, 0; / Fy y (Z^) dl/ 



and 



where, for Zq = cxp[(2/o,0)] (cf. [12], Chapter 7) : 

= T^Fv [0,Zo;S'[p](u;")] and = ttf^ (0, Zq; W). 
Now, we show that dvy^'^ -V exists and is matching with ^p{V). 

From Taylor's formula : 

^y+ev'(o,yo;w")-7rv(o,yo;i«") = / 'Pn{v + ev)de 

Jo 

for every e G [0, 1] and every n G N. Then, by Definition [2T 



(12) 



^(0,2/o;W)-^y(0,yo; 



= lim 



iPniv + ev)de. 



In order to permute limit/integration symbols in the right hand side of equality 
(12 1, it is sufficient to show that : 



(13) 



sup sup 

nGNeG[0,l] 



>fn{v + ev 



< oo. 
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By propositions 2.13 and 2.11 for every 9 E [0, 1], n e N and {s,t) £ At, respec- 
tively : 



v+evy 



p-var:s,t 

and 

Il2'^"*"*^'"|lp-var;s,t < CpR [|1 i^+g || lipT- 1 || 5'[p] (w" ) ||p_var;s,t V 
^V+ey llfipT-i ll'^M i''^ )llp-var;s,t]- 



(15) 



From inequalities (14 1 and (|15|) 



v+evy 



where, 
and 
with : 



Ql^^Pis, t) = c.yP(s, t) V c.„(s, t) V c.P(s, t) 



a*"" = sup max 

6le[0,l] k=l,p,p^ 



1/k 



Cri(CfR V Cppj)||Fy^g,> ylllipT,-! \\Fy^gy\\lipy-l < 

Then, by Proposition |2.12| : 



iPniv + ev) 



^ ClrCxp 



= Clrcxp 



\D\-1 

Clr sup ^ ujn{rk,rk+i) 



\D\-1 

Clr sup ^ iLj„(rfc, r^+i) 



because. 



By super-additivity of w„ 



= uj„ when w,, ^ 1. 



^7, 



(V + 9V) ^ CLRe"'^""ll^""^""^ll-™,;T. 

V / oo:T 



Since the right hand side of the previous inequality does not depend on 9, and 

sup II ^[p] (w;")||j; <oo 



by construction : (13 1 is true. 



As mentioned above, (10), (12) and (13) together imply via Lebesgue's theorem 
that : 



7rv+,v-(0,2/o;W)-^v(0,2/o;W)= / ^iV + 9V)d9. 

Ja 

Moreover, b y continuit y r esults for the Ito map and rough integral provided at 

(cf. Remark) ; (p{V + -V^) is continuous from [0, 1] 



propositions 

into cp-'"''{[o/ry,w^. 



2.11 



2.13 



and 



2.12 
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Then, from |12j, Proposition B.l (Banach calculus), dvy'^'^ -V exists and is match- 
ing with (p{V). 

Finally, (V, V, w) i— >■ Fyy{w) is uniformly continuous on bounded sets of 



Lip'^(M'') X Lip'^(M'') X M'' X M'' 

by construction. Then, by propositions 2.11[ 2.13| and 2.12 (cf. Remark) together 
with expression (111 of the directional derivative ; (V, V) dyy^''*'*' -V is uniformly 
continuous on bounded sets of 



Lip''(M'') X Lip''(M''). 

In conclusion, by [T^, Proposition B.5 (Banach calculus), V i~> 7ry(0, yo;W) is con- 
tinuously differentiable on Lip'''(M''). 

Step 2. Consider V,V E Lip''(M'^; M''+i). The first step is still true by replac- 
ing W by W with these new collections of vector fields. 



By propositions 2.13 and 2.11 for every {s,t) e At, respectively 



Fyy (Z^) dZ^ 



p-var;s.t 



(16) 
and 

(17) IIZ^II,.. 



(ll^^llp-var;s,t V ||Z^ jj^.^^^^..^ 
CfK (||Fy||lip.-i||W|!j,.var;s,t V ||Fv.||f.p,_,||W||^._^,,,) . 



On one hand, from inequalities (16 I and (17l : 

a;i/P(s,i) = J Fy y[iy)dlX 

where, 



p-var;s,£ 



and 



with 



^y^'is, t) = cjyP(s, t) V LJo(s, t) V wP(s, t) 

W^/^(5,t)=ay^(l/,l/)||W|jp_var;s.t, 



ay^(y,V)== max C^i{C^^y Cl^)\\Fyy\\,^.-^ ' \\FvU 

fc— l,p,p^ L 'J 



1/fe 



On the other hand, by Proposition |2. 12 



\D\-1 

Clr sup ^ wo(rfc,rfc+i) 

D = {i-fc} G Da,T i^^i 



Clr exp 



\D\-1 

Clr sup ^ wo(rfc,rfc+i) 

D = irk) 6 Do^j, j,^^ 



because. 



Wo = (jjQ when ^ 1. 
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With notations of [2] : 

\D\-1 

sup V wo(rfe,rfe+i) = aQ{V,V)M-i,yy. J 



s; 1 



by Lemma 2.14 applied to W and h — Id[o.T]- 
In conclusion, 

where, 
and 

Cvf(1^, 1>) = Clr [c(l,p)ao(F, + e^^HC(i,p)ao(v,y)T- ^ 

□ 

Remarks : 

(1) At step 1, since y involves DV + ODV for E [0, 1], it is necessary 
to assume that V,V d Lip'''(M'') to get : 

Fv+ev,v e Lip^-^M'') and Fy^gy E Lip^(M'') 

in order to apply propositions |2.11| and |2.13[ 

(2) Clr is not depending on V, V and W, because only the driving signal 

Fyy 

depends on them ; not the collection of linear vector fields A. 
Finally, in order to work with Malliavin calculus, we need some results on Ito map's 
differentiability with respect to the driving signal. 

Remark. In the sequel, the translation operator T,, on Cp-^'^' ([0, T]; GIpI (E'')) for 
h e C«-™''([0,r];M'^) with q e [l,p] and 1/p + 1/q > 1, will be used several times. 
It is naturally defined by ThSip]{w) = + h) when h,w E Ci-"'"([0, T]; M''). 

For a rigorous construction of Th, the reader can refer to p^. Section 9.4.6. 

Proposition 2.17. Consider q E such that l/p+ 1/q > 1. For every initial 

condition yo E M'^ and every collection V of j-Lipschitz vector fields on M."^ > p), 

„w / C9-"'"'([0,T]:M'') — > CP-™''([0,r];M'') 
"l ^ (0,2/0 ;W) 

is continuously differentiable. 

Moreover, consider a control uj : Aj^ — > such that : 

There exists a constant > 0, not depending on W, ui and h E C'^~^°''^{[0,T];R'^), 
such that : 

where, 



de 



e=0 
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Remark. When q = p e [1,2[, T^/^W ^ w + eh. Then, Di.d'" = (9^i9™(0)./i. In 
that case, 19^(0) will be naturally denoted by i!){w) in the sequel. 

Proof. By [T^, Theorem 11.6, d'*'*' is continuously difFerentiable. 
Consider h e C«-™''([0, T]; M'^). 

By putting Yq = exp[(yo, 0, 0)], from [12], Theorem 11.3 : 



0, 0; y [^G [0, Yo; ^[p] (W ® /i)] ] dna [O, Yq; (W © h)] 



where A, G and F are three collections of vector fields such that for every A e 
and every y, w, h, ai, 02, 03 £ M."^, 

A{y).{A,w) = A.y + w, 

F{y,ai,a2).{a3,w,h) = {{DV{y), .)w,V{y).h) and 

G{y).{w,h) = {V{y).w,w,h). 

By propositions 2.13 and 2.11[ for every {s,t) e At, 



F [ttg [0, Yo; 5[p] (W ® /i)] ] cIttg [O, Yq; (W ® /i)] 



p-var;s,t 



with 



and, by [T^, Theorem 9.26 and Exercice 9.21 : 

UJo{s,t) = ao [||ft.|l^_var;s.t 

where, aoj Q^i ^ 1 are two constants not depending on W, uj and /i. 



Then, by Proposition |2.12| 



l-^'i'^lloo:T ^ ClrCXP 



= Clrbxp 



\D\-1 

Clr sup ^ wq (r^, r^+i) 

"0 ('■fc, '■fc + i) < 1 

|D|-1 

Clr sup ^ wo(rfc,rfc+i) 

-D = 6 Do,T 1.^1 



^ C^ exp 



\D\-1 

'^llg-var-T+ ^Up ^ a;(rfc,rfc+i) 

D = {'-fe} e -Do,T j^.^]^ 



because, 

Wo = cl>o when ujq ^ 1, 
and for every {s,t) € At, w(s,<) ^ wo(s,t). 



□ 



Lemma 2.18. Consider p e [1,2[, and /ef A be the collection of linear vector fields 
defined by A{y).{A,w) = A.y + w for every y,w G R'^ and every A G For 
every initial condition yo G M'', 

CP-'"^^{[O^T];C{R'^) xW^) — > Cp-™''([0, T]; M'') 
(A, w) I — > TTA [0, yo; (A, w)] 



e 



SENSITIVITIES VIA ROUGH PATHS 



15 



is continuously differentiable. 

Moreover, consider a control u : Ax — > M+ such that : 

There exists a constant Cq > 0, not depending on w — {h.,w), u) and h € 
CP-'"'''([0,r];£(M'') X W'), such that : 

oo;T 

Proof. Since ^ is a collection of linear vector fields, by [T^, Theorem 11.3 ; O is 
derivable at every points and in every directions on CP"™''([0, T]; £(M'^) x M.'^). 

Consider h = {H, h) belonging to Cp-™' ([0, T]; £(M'*) x W^). 

On one hand, formally : 

d^Q{w):h - / dK.{d^Q,{w),h)+ dH,.Q,{w) + h 

where, A is the collection of linear vector fields defined by : 

for every x,y eW^ and w, /i e C{W^) x W^. 

By putting = {Q{w)\dij,Q{w).h), still formally : 

h) = (yo, 0)+ A hsiw, h)] {dws,dhs) 
Jo L J 

where, A is the collection of linear vector fields defined by : 
A{x,y).{w,h) = 



A(x).w 
A{x,y).{w,h) 







w .X 

h\x 



for every y G M'' and w, /i e C{W'^) x R"^. 
Therefore, rigorously : 

<i>{w,h)=Tr^ 0, (yo,0);(w,/i) . 
On the other hand, let w : — ^ 1R+ be the control such that, for every (s, t) S At, 
iL{s,t) = a \\h\\l_^^^.^^t+U}{s,t) 

^ ||(w,Mllp-var;s,t 

where, a ^ 1 is a constant not depending on w, lu and h. 
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By Proposition [212] 



dti,Q{w).h 



< 



oo;T 



oo;T 



^{w, h) 

^ Clr(1 + llyoll) cxp 
Ce(l + ||yo||) X 

because, for every (s,f) e At, ^ Cj{s,t) 



\D\-1 

Clr sup ^ u){rk,rk+i) 

D = {rt} e Dor 



exp 



-variT 



\D\-1 

sup ^ i:j(rfe,rfc+i) 

-D = {ffc} e Do.T ^,^1 
1^ ('■fc.''fc+i) ^ 1 



Finally, by Proposition 2.12 (cf. Remark), since $ = 7r^[0, (yoi 0); .] and A is a 
collection of linear vector fields ; $ and then (iD, /i) i— dwQ{w).h are uniformly 
continuous on bounded sets of 

C^'-™'^([0,r] X W^) X C''-^^'([0,r] x M.'^). 

Therefore, by [12_, Proposition B.5, 8 is continuously differentiable as stated. □ 

Proposition 2.19. Assume that p,q E [1,2[ with q ^ p. For every x £ M."^ and 
V,V e Lip^+^{R'^;R'^+'^), maps 

CP-™''([0,T];M''+i) — > C'P-'""'([0,T];M'') 
w I — !• dv'^v{Q,x;w).V ' 



LP : 



. rCP-™'-([0,T];M'^+i) CP-™-([0,T];M''') 



C : 



CP-™''([0,T];M''+i) — > CP-'""'([0,T];M''') 



are continuously differentiable. 



Moreover, for every w G CP-'""'([0, T]; M''+i) anrf h G C«-™''([0,r];M'^+i), f/iere 
exists three constants > 0, > anrf > 0, not depending on w and h, such 
that : 



Proof. As seen at Proposition 2.16 (step 1 of the proof), for every continuous func- 
tion w : [0,T] — )• 11$''+-'^ of finite p-variation, Lp{w) satisfies : 

ip{w) = (/lo/2o/3)(u>) 

where, with notations of Proposition |2. 16| : 

/i=7ri(0,0;.),/2= / F^,^(.)d. and/3 = 7r;^,[0,(x,0);.]. 



When p G [1; 2[, for collections of 7-Lipschitz vector fields, the Ito map is continu- 
ously differentiable with respect to the driving signal for p-variation topologies (cf. 
[12], Corollary 11.7). 
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Then, since Fy and Fyy are collections of 7-Lipscliitz vector fields by construction 



j3 . CP-var([o,T];M''+i) CP-™'([0,r];M^) 



are continuously difFerentiable. Moreover, by Proposition |2 . 1 8| : 

ji . CP-^^'{[0,T];C{R'^) X M'^) — ^ CP-™''([0, T]; M'^) 

is continuously difFerentiable. Therefore, by composition, if is also continuously 
difFerentiable for p-variation topologies. 

Consider w G CP'"'''' {[0,T];R'^+^) and h e C«-™([0, T]; : 

d^ip{w).h = (DI'[{I^ o l''){w)];{DI^[lHw)ld^I^w).h)). 

Then, 



(18) 



p-var; i 

\\DI^[l'iw)]\\c^,x 

|j9i„/^(w)./l||p_var;T 



where, for every linear maps A between p-variation spaces, 

||A||£,p = sup ||A.77||p_var;T- 

Ikllp-variT^l 

Now, let's find an upper bound for each terms of the product on the right hand 



side of inequality ( 18 1 



(1) Since P{w) — [0; (-^i 0); by applying Proposition 2.17 to the driving 
signal w perturbed in the direction h, the collection of 7-Lipschitz vector 
fields Fy and the control lo = WwW" 



p-var ' 



\d^I^{w).h\\ 



C C, X 



exp 



Ml- 



\D\-l 

sup ^ w(rfc,rfc+i) 

D = {rfc} 6 -Do.T fc^i 



5$ Ci(e'^"'(ll''ll?-v";r + ll''"llp-var,T) 



by super-additivity of u. 



Moreover, by Proposition 2.12 for every (s,i) G such that a;o(s,i) ^ 1 



(19) 



^ Clr 



1 + \\d^l\w).h\\ J w^/^is, t)e^--"o(o,T) 



where, loq and wq are controls introduced at Proposition 2.17 (cf. Proof). 
Therefore, 



\d^I^{w).h\ 



p-va,v;T 



(7^gC'«(ll'l||?-var;T + ll'"llp-var,T) 



where, > is a constant not depending on w and h. 
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(2) Consider 77 e Cp-™'X[0, T]; K'*) such that ||?7||p-var;T < 1, w = I^{w) and the 
control oj : — > such that for every (s, £ At, 

wl/P(s^i) = (a|iw||p-var;s,t) V (a|lw||p_var;s,t)^ 



lp-var;s,i 



by Proposition 2.11 (a ^ 1. not depending on w and rj). 

As explained by P. Friz and N. Victoir at [H], Section 10.6, there exists a 
collection of vector fields $yy, 7-Lipschitz as Fy^;,, such that : 

Then, by applying Proposition 2.17| to the driving signal I^{w) perturbed 
in the direction rj, the collection of 7-Lipschitz vector fields ^yy and the 
control a) defined above : 



d^I^{w).T]\\^,j, < X 

exp 
^ X 
exp 



ip-var;T " 



\D\-1 

sup ^ w(rfc,rfc+i) 

|r>|-i 



ii??ir 

H / 1 1 p-" 



sup 

D = {rfc} e Dot j,^-^ 



^ aPa;(rfc,rfc+i) 



because, 

uj ^ a'' a; = w when w ^ 1. 
With notations of Proposition 2.17| (cf. Proof) : 

'^O = "0 [ll?7llp-var;s,t +<^(s,t)] 

= "0 ||?7llp-var;s,t + ("I I llp-var;s,t V (a|| w||p_var;s,tf 

Then, when ^ 1, 

Cjo = uja = ao (||??||^_var + a^'^) 
and, as at point 1 : 



I p-var;T 

where, > is a constant not depending on w and 77. 



(20) 



Therefore, 



(3) Consider 77 = {H,r]) belonging to CP-"''' {[0,T]; ^W^) x R'^) and satisfying 
II j7l|p-var;T ^ 1, w = (/^ o /•^)(u') and the control ui : At such that 

for every (s, i) G Ay, 

a;^/P(s,<) = (<3||w||p-var;s,t) V (a|| W || p_var;s,t )^ V (<3 1| W ||p-var;s,t )^ 
> ||(/2o/3)H|| 

by propositions |2.11| and |2.13[ 
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Since I^{w) — 7rA(0, 0; zD), by applying Lemma 2.18 to the driving sig- 
nal (/^ o I^){w) perturbed in the direction fj, the collection of linear vector 
fields A and the control ui defined above : 



\dwl^{w).fj\ 



exp 



^llp-var;T 



\D\-1 

sup ^ ui {rk,rk+i) 



exp 



l'7llp-var;T+ SUp 

" ('■fc.'-fc + l) ^ 1 



\D\-1 



because, 

As at point 2 



^ ck^'w = uj when cj ^ 1. 



(21) 



where, Ce > is a constant not depending on w and fj. 
Therefore, 

||5^/i(u,)||^^^<Cee'5e(i+llHI?_.). 



In conclusion, via (18 1, (19 1, \2Q\ and (21 1 : 



\dn,'p{w) .h\\p. 



rr < C p'^*-(ll''ll?-var:T + ll"'llp-var;T) 

var;T ^ ^loc v ^ , / . 



The upper bounds for ||9u,'(/'(w).ft.||p-var;T and ||9tuC('w^)-'i||p-var;T are obtained by 
following the exact same method. □ 

3. Malliavin calculus and Gaussian rough paths 

As usual (for example in E. Fournie et al. \1Q\ or E. Gobet and R. Miinos |15|). 
in order to compute Greeks without differentiability assumption(s) on F, we need 
a basic introduction to Malliavin calculus first (cf. D. Nualart [28^). In a second 
part, we state some results on Gaussian rough paths (cf. [12,, Chapter 15 and \TT\ ) 
and on the integrability of linear RDEs driven by Gaussian signals (cf. P. Friz and 
S. Riedel P; and T. Cass, C. Litterer and T. Lyons [2]). We also extend jH], 
Proposition 20.5 for equations with a drift term. 

We work on the probability space {n,A,F) where fl = C°([0, T]; M*^), A is the 
CT-algebra generated by cylinder sets and P is the probability measure induced by 

W on {n,A). 

3.1. Malliavin calculus. On one hand, for i — l,...,d, the Cameron-Martin's 
space of W'^ is given by : 



•H^. = {/le C°([0,T];M) -.BZeAw^ s.t. Vie [0,T], ht=E{WiZ)} 



with 



Aw^ =spsiii{Wl;te[0,T]} . 
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More generally, 

d 

"■w — VP "-w^ 
is the Cameron-Martin's space of W . 

For z = 1, . . . , d, let (., be the map defined on Hj^i x ^1^; by : 

. =E(ZZ) 

where, 

Vt e [0,T], /it = E(W^*Z) and ht = E(W^t*Z) 

with Z, Z G y^vK* • 

The natm-al extension of these scalar products on 'Hjy is denoted by 
Equipped with it, "H^^/ is a Hilbert space. 

On the other hand, for i = 1, . . . consider the Hilbert space "Hvi/i = f ' 
where £ is the space of M-valued step functions on [0, T] and (., . is the scalar 
product defined by : 

Vs,te [0,r], (i[o,.],i[o,t])«„. =e(w-:m^/)- 

The natural extension of these scalar products on = "Kv/^ © • ■ ■ © Ti-y/d is de- 
noted by {.,.)-u„- Equipped with it, V-w is a Hilbert space too. 

For i = 1, . . . , d, there exists an isonormal Gaussian process W* on T-Lw' such 
that : 

vte [o,r], (i[o,t]) = w^/. 

Then, we define an isonormal Gaussian process W on Hw by : 

d 

1=1 

This construction implies that / = (7^,...,/'*) is an isometry between T-Lw and 
Ti.]^ where, for i = 1, . . . , d. 

Example. Suppose that is a 1-dimensional Brownian motion. For every s,i G 

[o,r], 

J(l[o,ti)(s) = E [W(l[o,t])M^,] 

= sAt 

l[o,t]('")c^"- 

Since = and isometrics / and 

ip I — > / (p{u)du 
Jo 

are continuous on T^vi' = ^^([Oi T]), the previous equality is true on Hw- 

Now, let's remind some basic definitions of Malliavin calculus stated at sections 
1.2, 1.3 and 4.1 of [28] : 
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Let's denote by C^(M";M) the space of functions belonging to C°°(M";M), with 
at most polynomial growth and derivatives with at most polynomial growth too 

(new). 

Definition 3.1. The Malliavin derivative of a smooth functional 

F^f[W{h,),...,W{h^)], 

where n G N*; / G C^(M^;M) and hi, . . .hn ^ l~iw , 'is given by : 

n 

T>F^J2 [W {hi) , . . . , W ih„)] hk. 

k=l 

Malliavin's derivative is a closable operator and the domain of its closure in L?{yi) 
is denoted by D^'^ (cf. [28_, Proposition 1.2.1). In the sequel, we also need the two 
following spaces associated with D^'^ : 

• The set DJ^^ of random variables F such that there exists a sequence 
{(ri„,i^„);n e N*} <Z A y. D^'^ satisfying almost surely : fi„ t VL and 

= on r2„ for every n e N* . 

• The set Ii^''^{'Hw) of stochastic processes u defined on [0,r], such that : 

= nMli,,) + E(||Dw|l^«.) < oo. 

Definition 3.2. The divergence operator 5 is the adjoint ofD : 

(1) The domain of 5, denoted by dom{5), is the set of T-Lw -valued square inte- 
grahle random variables u £ L^{fl;'Hw) such that : 

yF e B''^, |E((DF,u)«^)| ^ Mdiv\\F\\2 

where, M^jy > is a deterministic constant depending only on u. 

(2) For every u G dom{S), S{u) is the random variable of L^{Q,) such that : 

VF e B'-^, E((DF, = E[FS{u)]. 

Note that B^-'^{Hw) C dom{d) (cf. [28 , Proposition 1.3.1). 

Definition 3.3. A functional ip : fl ^ M'* is Tily-differentiable if and only if for 
almost every oj € f2, 

henlyt — > ip\io + h) 
is continuously differentiable (in the sense of Frechet) for i = 1, . . . ,d. 

In particular, if (p is "H^-difFerentiable, ip belongs to D^^'^ (cf. [28!, Proposition 
4.1.3 and [12 , Appendix D.5). Moreover, if E(|lv3||2) < oo and E(||D(p||2^^^.) < oo, 
if belongs to D^^^ [jg^ Lemma 4.1.2). 

3.2. Gaussian rough paths. On one hand, we remind what conditions the co- 
variance function of W has to satisfy to ensure the existence of a geometric rough 
path over W. On the other hand, we summarize and extend a little bit probabilistic 
conclusions of the recent paper of T. Cass, C. Litterer and T. Lyons [2 . 

Definition 3.4. A function ip from [0,r]^ into M'' has finite p-variation in 2D 
sense (p^ I) if and only if 



\Di\-l \D2\-1 
sup ^ ^ 

Dl = {rl} e -Do.T k=l 1 = 1 
D2 = {rf } e -Do.T 



' k+1 ' l + l 



P 

< 00 



where 

t V 



Vi > s, > u, ( " ) = p{s, u) + ip{t, v) — p{s, v) — ip{t, u). 
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In the sequel, we assume that W satisfies : 

Assumption 3.5. W is a d- dimensional continuous and centered Gaussian process 
on [0, T] with independent components, and for i — . . . , d, the covariance function 
of has finite p-variation in 2D sense for p G [1, 2[. 



Under Assumption |3. 5 [ from jT2j, Theorem 15.33, a geometric p-rough path W ex- 
ists over W for p E]2p, 4[. 



In order to show Lemma 3.9 and state probabilistic results of [2], the Cameron- 
Martin's space of W has to satisfy the following assumption : 

Assumption 3.6. There exists q ^ 1 such that : 

- + ->l anrf^V C«-™'^([0,r];M'^) . 
p q 



Examples. By [12 , Section 20.1, Assumption |3.6| is satisfied if the covariance of 
W has finite 2D /?- variation for some p < 3/2. The fractional Brownian motion 
with Hurst parameter iJ > 1/3 satisfies this condition. In that particular case, 
some regularity arguments ensure that it is still true for H > 1/4 (cf . |12] , question 
(iii) of Exercice 20.2). 

Now, let's talk about new results provided in [2]. 

The following proposition is a consequence of [2 , Theorem 6.4 (and Remark 6.5) 
used by the authors to prove [2_, theorems 6.6 and 6.7 : 



Proposition 3.7. Under assumptions \3.5\ and \376\ for every deterministic con- 
stants C.a,r > 0, 

Ce^^-^-WeL'-(17,P). 



Corollary 3.8. Consider q G [l,p] with 1/p + l/q > 1, h e C«-™''([0, T]; : 



3.5 and 



X and V,V e Lip^ [W^ ■W^+^) . Under assumptions 

||J.tolloo;T, ||ay7r,/(0,a;;W).y||oo;T and WD^-d 
belong to L^{^,V) for every r > 0. 



3.6 



Proof. On one hand, upper bounds obtained at propositions 2.15 (cf. Remark 3) 
and 2.16 together with inequality ([6| and the previous Proposition 3.7 ensure that 

Vr > 0, ||J.tolU;T e L''(^,V) and ||9v-^y(0,:r; W).1/|U;T e L^{n,V). 
On the other hand, by Lemma [2 . 14| together with Proposition |2. 17| applied to the 
driving signal W perturbed in the direction /i, the collection of 7-Lipschitz vector 
fields V and the control lu : defined by : 

V(S, i) e At, w(s, t) = C{p, 1) [a.w,p(s, t) + ||Id[o,T] lllvar;.,*] , 

we get : 

where, > is a deterministic constant not depending on W and h. 

Then, inequality ^ together with Proposition 3.7 ensure that : 

Vr>0, ||i^;,z9^||oo;T€L'^(r!,P). 

□ 
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It is now possible to take ([ij in the sense of rough paths. Indeed, formally, equation 
([T| can be rewritten as follow : 

dX^'" = V{X'^''')dWt 

where, Xq'"^ — x eM."^ and V is the collection of vector fields on M'* defined by : 

Vy, w e R"^, Vr e M, V{y).{w, r) = &(y)r + cr{y)w. 

Since b, a and their derivatives up to the level [p] + 1 are bounded under Assumption 
|1.1| is a collection of 7-Lipschitz vector fields for 7 > p. From Proposition |2.9| : 



with initial condition x, admits a unique solution 7r\/(0, .x; W). 

In that context, we prove the following lemma which extends [12J, Proposition 
20.5 for 6 ^ : 

Lemma 3.9. Under assumptions \ \3.5\ and 3.6. for every x e and almost 
every lu E VL, 

heHw' — >X{uj,h)^7rv 0,x;W{uj + h) 
is continuously differentiable in the sense of Frechet and, in particular : 



e nlv, yt e [o,T], DhX'p'' = / jf^^cj{x-^'")dh 



with, 



DnXr = 



de 



TTv 



0,x;T( 



e=0 



Moreover, for every t £ [0,r], X'^'"^ belongs to Di^^ and 

yh e nly, {T>X^'",I-'ih))n„ = DhX^''^. 
Proof. On one hand, from P. Friz and N. Victoir |12| . Lemma 15.58 (which needs 



assumptions 3.5 and 3.6 1, for almost every ut E and every h £ Hy 



= [nw{Lj) © id[o,T]] 

= Tih^o)Sij,] [WH©Id[oj]] 
= T(;,^o)W(c<.). 



Then, almost surely : 



(23) 



TTv 



0,x;T(;,^o)W 



0,a;;W(. + 

On the other hand, by [12| . Theorem 11.6 and Assumption 3.6 



TTv 



is continuously differentiable in the sense of Frechet. Therefore, from equality (23) 



henl 



w 



TTv 



0,x;W(. + 



is also continuously differentiable in the sense of Frechet and the two derivatives 
are matching almost surely. 
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From the generalized Duhamel's principle (cf. [12 , Exercice 11.9) 
DhXr = f jtsV {X^n ■dihs,0) 



Finally, by Definition 3.3 for every t E [0,r], X^''^ is Hj^-differentiable and then 
belongs to DJ^^ by |5S], Proposition 4.1.3 or [12 , Appendix D.5 : 



X,(J 

t 



□ 



4. Sensitivity with respect to the initial condition 

In this section, b and cr are fixed. Then, put = X'^''^ and frix) — fT(x,a) for 
every a; G K'*. 

In order to establish the second part of Theorem |4.3| and Corollary |4.4| a and 
have to satisfy respectively : 

Assumption 4.1. For every y G M'', '^{u) non singular matrix and a^^ is 
bounded. 

Assumption 4.2. The Cameron- Martin's space Ti.}^ satisfies : 

Moreover, there exists C-ui > such that : 

^heCl{[(},T\-X)A\h\\n\,^C^^JhU,T. 

Remarks : 

(1) In the sequel, keep in mind that Crde and Cic are deterministic constants, 
not depending on the initial condition. 

(2) For example, the fractional Brownian motion satisfies Assumption 4.2 (cf. 
[12], Remark 15.10). 

Theorem 4.3. Under assumptio ns \1.1\ \3.5\ and \3.6[ Jt is differentiable on 
M''. Moreover, under assumptions 4-1 o,^d ^.2. for every x,v E M'', there exists a 
d-dimensional stochastic process h^'^ defined on [0, T] such that : 

(24) DfT{x).v = E[(D(F o X^), r\h-n)n„]. 

Proof. On one hand, under assumptions |1.1[ |1.2| |3.5| and |3.6[ we show that fr is 
differentiable on and 



(25) 



Va;,w e W^, DfT{x).v = E [(L>F (X^) , DAT^.d)] 



On the other hand, by adding assumptions 4.1 and |4.2[ we obtain equality (24 1 via 
Lemma 13.91 : 



(1) For every e e]0, 1], a > and x,v £ W^, 



\F{Xp'^'')^ F{X?r) 
e 



{DF{X^+'"''),DX^+'''\v)de 

< ||w|| / \\DF {X'^+'''^")\\c\\DX''+'^''' 
Jo 



^ Cic\\v\\e 



\DF {X^+''-,iic 



dO 
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by Proposition 2.15 (cf. Remark 3) and Taylor's formula. 



Since F satisfies Assumption |1. 2 [ for every 9 e [0, 1], 



I \^x-\-6ev I 
T 



Then, by Proposition |2.9| and the triangle inequality 

^ ^Cf{1 + \\x + 9ev\\ + ||X-+«-|j,_var;r; 

sC Cf[1 + \\x\\ + \\v\\ + 

CRDE(||y||up.-||W||p_var;TV||y||fjp-,_,||W|i^_,,,.^ 

Since W is a Gaussian geometric p-rough path satisfying Assumption |3.6 



from Proposition 3.7 inequalitiy (pi (cf. [2|, Proposition 4.6), Lemma 2.14 



the rough paths extension of Fernique's theorem ([12], Theorem 15.33) and 
the Cauchy-Schwarz inequality : 

, , |F(X^+^")-F(Xf)| 

e e]0, 1] ^ ' 

e 

is bounded by an integrable random variable which does not depend on e. 



Therefore, (|25| is true by Lebesgue's theorem 

; t 

1 



(2) For every x,v G M.'^, let h^'"" be the stochastic process defined on [0, T] by 



yt e [0,T], hr = ^J^ a-'{X!)f:i,vds. 



Then, Assumption 4.2 implies that h^'" is a 'Hw-valued random variable 



and from Lemma 13.91 : 



J^^,a{X^)dhr 



= DX^.v. 
Therefore, via the chain rule : 

DfT{x).v = ¥.[DF(X':!p).Dh^..X':!r\ 
= nDh^-'{FoX^)] 
= E[(D(FoX^), /-!(/,-'"))«, 



□ 



Corollary 4.4. Under assumptions \l . 1\ 4^.1 and 4-2 for p + 1 (p <E [l,2[j, if 
W is of finite p-variation, then I^^{h^'^) G dom{S) and 

(26) DfTix).v = E[F{Xmi'\h^n]]- 



Equality (26) is still true if Assumption is replaced by Assumption 1.3 



Proof. Since W is of finite p-variation with p G [1,2[, its covariance function 
is of finite p-variation in 2D sense and then, b y |1 2^, Theorem 15.7, "Hj^ ^ 



(^p-varQo^T];M'^). Therefore, assumptions |3.5 
and by Theorem |4.3| : 



and 



3.6 are satisfied for p ^ q — p, 



where, 



DfTix).v = E [(D(F o X^),I-\h^n)H„] 



K"'" = j; I Hs{W)ds, fi{W) = a-^['0{W)]^''{W) and = i'{-)v 



with notations of propositions |2.17 and 2.19[ in the context of equation ([T]) . 
On one hand, let show that I-^{h''^^) belongs to V)^^'^{nw) C dom(5) : 
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(1) By propositions 2.17 and 2.19 /i is continuously differentiable. Then, 



5^mH-(A,0) = {iDa-'mw)],d^d{w).iX,0))riw) + 

for every w G Cp-™''([0, T]; M'^+i) and every XeV.]^--^ Cp-™'([0, T]; M''). 

For every s g]0; 1] and t e [0,r]. by Taylor's formula and propositions 
[2l5l[2T7l and[2l9]: 



(27) 



\\fit[W + e{X,Q)]~fit{W)\\ 



< C 



Dfit[W + ee{X,0)].{X,0)d9 



\\D^[W + e9{X,0)UX,0)\U,TX 



r[w + eeix,o)]ii^,T 

1 

WDij^'iW + e0iX,O)].{X,O)\\^,Td0 



< Cexp 



C 



(llAII^J^+llM^ll^va.,. 



where, C > and C > are two deterministic constants, not depending on 
e, t, A and W. 

Therefore, by Lebesgue's theorem and [12], Lemma 15.58, h^'"" is 'Hjy- 
differentiable as a Hj^-valued random variable. Moreover, with notations 
of Lemma l3?9l : 



VA e H'w, Dxh^'^ = - / Dxfisds 



T 



In conclusion, /-^(/i^'") G Di'^^CHh')- 
(2) By using successively that / : T-Lw — > T-L\^ is an isometry. Assumption 
and Assumption |4.1| : 



4.2 



c^j^ E sup wkrr 

\te[o,T] ^ 

^ (7e( sup yt^wlA 



where, C > is a deterministic constant depending on v and a. 
Then, by Corollary [3^ 



E 



7^ V 



< CO. 
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(3) By using successively that / : Hw ~^ T~Lw isometry, Assumption 4.2 

and inequality ( 27 ) : 

2" 



E 



C E 



E 



E 



sup \{D,^^^)[^\h^^^)],y)u.A 



sup \{r\Dj^^.){h-n\A^)H.A 



sup |(i?/(Ai)(/i"'''),/(A^))«vl 



< E sup ||i?A/^^'1|«i 



^ — ^^E I sup sup \\Dxiit 

l|A||„i^^ltG[0,T] 



T 
T 



-CE 



exp 



C 




Then, by Fernique's theorem (cf. [12], Theorem 15.33) 



E 



\D[r\h 



'■HI 



< oo. 



On the other hand, since C^(M'^;M) is dense in L'^{R'^) and equahty (p6| does not 
involve DF, by walking the exact same way that E. Fournie et al. at the proof of 



[10] . Proposition 3.2 (ii), one can show that (26 1 is still true under Assumption 1.3 
Indeed, functions of C^(M'*;M) are bounded with bounded derivatives and then 
satisfy Assumption |1 .2| in particular. □ 



5. Sensitivity with respect to the volatility function 

In this section, x G M'^ is fixed. Then, put Vb,^ = V, = X""^" and fria) = 
frix, cr) for every a E H (characteristics of S are implicitly specified in each results 
of this section). 

For every ct e E, consider Vj- the collection of vector fields on M.'^ defined by : 

Vy,w e R'^, Va e M, Va{y).{w,a) = B{y)w. 

By Proposition |2.16| and Corollary |3.8| a e E i-^- X"^ is continuously differentiable 
under Assumption 1 1 . 1 1 with 

DX''.a^dv^v,.A^,x-^).V-, 



and, under assumptions 3.5 and 3.6 ||Z)X°".(t||oo j admits an L''-upper bound for 
every r > : 

pX".ff||oo:T < CvF((T,a)e^^^("'*)^'W(".*).i.pW 
where, CvF(cr, o-) = CvF(V6,cr, V^r) and Q!vf(o-, ct) = Q;vF(V6,a, V^r). 

Remark. Note that H-Fvi, ^.y^^ HupT-i > and ||i^Vb „ llup^-i > for every func- 
tions cr, (7 e S*. It follows that : 



e e [0, 1] 



l^^v.,„+»Jliip-'-i and e e [0,1] ^ 



i,Va\\lip-'-^ 
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are bounded with bounded inverses. Then, with notations of Proposition 2.16 (cf. 
Proof), the way ao{a,a) = ao{Vb^a,Va) involves \\Fv, ,,y^\\iip-,-i and llJ^v;,,, ||iip^-i 
imphes that : 

e e [0,1] I — > aa{c7 + ea,a) 
is a bounded function with bounded inverse. 



Therefore, 

e e [0, 1] I — > aypia + ea, a) and e [0, 1] 
are deterministic bounded functions. 



Theorem 5.1. Under assumptions [X5| and \3.6[ Jt is differentiable on 
S. Moreover, for every cr, cr G S, under assumptions \4-l\ and \4-^ there exists a 
d-dimensional stochastic process rj'^''^ defined on [0,T] such that : 

(28) DfT{a).a = E[(D(f^ o X^),r\r^--^))n,,]. 

Proof. On one hand, under assumptions |1.H |1.2| |3.5| and 3^ we show that /t is 
differentiable on E and 



(29) 



On the other hand, by adding assumptions 4.1 and 4.2 we obtain equality (28 I via 
Lemma 13.91 : 



(1) By Proposition 2.16 Taylor's formula and Assumption 1.2 for every e £ 
]0, 1] and cr, o- e S, 



/ \\DF{X^+^'^)\\ \\DX^+^'^ .a\\de 
Jo 



oo-.T 



de. 



Since b, a, a and their derivatives up to the level [p] + 1 are bounded and 
e [0,1], from the remark above, there exists a deterministic constant 
C'vF(f, (t) > 0, not depending on d and e, such that : 

II Vb^cr+eesllijp^-i + II V'fc^cr+esCTllfipT-i + Crde+ 

CvF {p + ^'eo', o) + avF (f + ^^o-, a) < Cyp (c, ct) . 

Then, from propositions |2 . 9| and |2 . 1 Bj respectively : 

II j^cr + ^ecT I 

and 



\DX 



p-var;T ^VF C'^, ( 1 1 W| | p-var;T V 1 1 W|| ) 

s^CvF(cT,a)e^-(^''^)*'^<5v.(^.-),^..W. 



loo;T 



Since W is a Gaussian geometric p-rough path satisfying Assumption |3.6 



from Proposition 3.7 inequalitiy (k3| (cf. [2J, Proposition 4.6), Lemma 2.14 



the rough paths extension of Fernique's theorem ([12j, Theorem 15.33) and 
the Cauchy-Schwarz inequality : 

, , |F(xs;+^*) -F(X5;)| 
e e]o, 1] ^ J— -^^ 

e 

is bounded by an integrable random variable which does not depend on e. 
Therefore, (29 1 is true by Lebesgue's theorem. 
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(2) For every cr, ct € S such that cr satisfies Assumption 4.1 let i]"'''^ be the 
stochastic process defined on [0, T] by : 

ft 



yt e [0,T], rjt' 



a~^{X^)jJl.rDX^.ads. 



and from Lemma \3M 



Then, Assumption 4.2 impHes that 77°"'°" is a "Hjy-valued random variable 



= Dx^.a. 

Therefore, via the chain rule : 

DfT{(T).a = E[DF{X^).D,^..aX^] 

= E[D^..a{FoX^)] 

= E[{B{FoX^),r\^^n)n,. 



□ 



Corollary 5.2. Under assumptions \l . 1\ 4-^ o,n-d 4-2 for p + 1 (p £ [1,2[J, if 
W is of finite p -variation, then I^^{ri"'''^) G dom{5) and 



(30) 



DfT{<y)ra ^E[F{X^)5[r\ij^n]] 



Equality (30) is still true if Assumption [7T^ is replaced by Assumption 1.3 



Proof. As at Corollary |4.4[ assumptions 3^ and 3^ are satisfied for p = q = p, and 
by Theorem |5.1| : 

DfT{a).a = E [{BiF o X^), J-^Tj'^nU^] 

where. 



= Tr^ / UW)ds and = a-'[d{W)]yjiWKT{W)ifTiW) 

^ Jo 



with notations of propositions [2.17 and 2.19 in the context of equation ([T]) 



By propositions |2.17| and |2. 19] ^ is continuously differentiable. Then, 

9^eH-(A,0) = {{Da-^mw)],d^^{w).{X,0))^j{w)CT{w)Mw) + 
<j-^[d{w)][d^diw).{X,0)](:Tiw)ipT{w) + 
a-^[d{wM{w)[d^CT{w).(\,0)]Mw) + 

for every w £ CP-™'([0, T]; M''+i) and every X e Uly ^ CP-™'^([0, T]; M''). 



Therefore, by propositions [2151 |2A6l [2?T7| and [2l9| : 

||a^eH-(A,0)||oo;T < C[||5^^9H.(A,0)||oo;t||V'HI|oo;t|1CHI|oo;t||¥'H||oo;T + 
|i5^l?(u.).(A,0)||oo;T||CHI|oo;T||<pH||oo;T + 
||^H||oo;r||a^CH.(A, 0)||oo;t||<^H|1oo;T + 
llV'HI|oo;r||CMI|oo;T||5^V'M.{A,0)||oo;T] 

(31) <Cexp[c(||A||^j^ + |h||^._^^)^ 

where, C > and C > are two deterministic constants, not depending on A and w. 
Let show that /-^(Ty'^^*) belongs to B^''^{nw) C dom{S) : 
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(1) For every e e]0, 1] and t e [0, T], by Taylor's formula and inequality (31) 
with w = W + ee{\, 0) for 9 e [0, 1] : 



c{\\xr^.^, + \\w\ 



P 

pvar;T 



(32) Cexp 

where, C > is a deterministic constant, not depending on e, t, X and W. 

Therefore, by Lebesgue's theorem and [12 , Lemma 15.58, rf'"' is HIy' 
difTerentiable as a "Hj^-valued random variable. Moreover, with notations 
of Lemma 13.91 : 



In conclusion, I-^jrj'''^) G D{;^^^{nw) 



Dx^tdt. 



(2) As at Corollary 

2 

In 



4.4 



E[\\r\rj^n\\' 



there exists a deterministic constant C > such that 



^o-,5-||2 



< CE 



sup ||V'tWllX^llCT(M^)||X^||¥'T(VF)|P 
te[o,T] 



Then, by propositions |2.15| and |2.16| : 



E 



< oo. 



(3) Still as at Corollary 4.4 by inequality (32l : 



E 



\T>[r\7f 



2 



sc E 



sup 



^1 



C-TJl 

€ — ^E 



T 

w 

T 



sup sup \\DxS,t\ 



CE 



exp 



CI 



pvar;T j 



Then, by Fernique's theorem (cf. {TT_, Theorem 15.33) 



E 



Dr^(^'^^^)]ii^«. 

'I- w 



< oo. 



Equality (30) is still true if Assumption 1.2 is replaced by Assumption 1.3 
ideas that at Proposition |4.3[ 

6. Fractional Brownian motion 



same 
□ 



This section presents elementary properties of the fractional Brownian motion and 
its representation as a Volterra process that has been established by L. Decreusefond 
and A. Ustunel in |7] (see also D. Nualart HH]). We also deduce an expression of 
the isometry defined at equation (22) from that last representation. 

Definition 6.1. A fractional Brownian motion with Hurst parameter H g]0, 1[ is 
a continuous and centered Gaussian process such that : 



(i3f,i?f) = ^(|tr + H 



2H 



\t^sn. 



Remarks : 
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(1) is i?-self-similar. It means that for every a > 0, {Bat,t g M+) and 
{a^Bt,t G E+) have the same distribution. 

(2) Unfortmiately. when H 1/2, B^ is not a semimartingale (cf. [55^. Propo- 
sition 5.1.1). 

Now, let's introduce the two fundamental operators of the fractional calculus (cf. 
S. Samko et al. [35 ) : 

Definition 6.2. Let ^ be a function from into M. For a given a S]0, 1], if 

r{m) = j^, fit - sr-^^{s)ds 

r(a) Jo 

exists for every t € M+, l°'{tp) is the a-fractional integral of^. 
For a given a G]0, 1], if 

[ mifa^l 
exists for every t £ 'D°'{'ip) is the a-fractional derivative of ip. 
Remark. Consider a e]0, 1] and i/" : IR+ — > M. If P(V') and D°'{'ip) are both defined 

It is also possible to show that B^ is a Volterra process (cf. [5S], Section 5.1.3 and 
[6], Example 2) : 

On one hand, let K'^ be the operator defined on £ by : 

Vi e [0,r], K*HiMo,t])is) = KH{t,s)l[o,t]{s) 
such that, for every (s,t) € At, 

Knit, s) = [-,-H,H--,H+-,l--^ !,,,(.) 

where, F is the Gauss hyper-geometric function (cf. [H], Example 2). 

Since K'^ is an isometry between £ and L^([0,T]), and s'''''^'"bh ^ y^^^ . j^*^ 
admits a unique extension on Hbh (cf. j^S], Section 5.1.3). 

On the other hand, let be the isonormal Gaussian process associated to B^ as 
at Section 3.1. The stochastic process B defined on [0,T] by 

V<e[0,T],i?,=B^ [{K*H)-\l[o,t])] 

is a Brownian motion. Then, B^ has the following integral representation : 

vte [o,r], = / KH{t,s)dB,. 

Jo 

Remark. This representation allows us to give an explicit version of the isometry 
defined at equation ( 22 1 , that we denote by Ih in the particular case of the fractional 
Brownian motion B^ : 

Proposition 6.3. The operator Ih satisfies the following equalities : 

Ih' = (Khr' ° (ipHV"-'^') o X z/i/ ^ 1/2 and 

Ih' = (Khr' ° (—V'/-'-A o (ipHV'") z/i/ sS 1/2 
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where, ipn is the function defined on M by : 
In a sake of completeness : 

Proof. On one hand, from L. Decreusefond and A. Ustimel [7] (see also 
5.1.3) ; for every H e]0, 1[ and every s,t e [0,T], 

ftAs 

(33) 



Section 



/ KH{t,u)KH{s,u)du^¥.(B^Bf). 
Jo 

Definitions of and K'^ imply that equality (33) is equivalent to : 

/ {K*Hlio,t])i^)KH{s,u)du = £[3"^ mo.t])B^] . 
Jo 

Therefore, from the definition of Ih provided at equation (22) : 

where, Jh is the map defined on L^([0, T]) by : 

VV' G L'([0,T]), JHi4') - / Mu)KHi.,u)du. 

Jo 

— (■•■>« 

Since £ bh ^ "Hb" and, linear maps Ih and K'^ are continuous from Hbh into 
T-OgH and i^([0, T]) respectively ; equality Ih = Jh ° Kh '^till true on T-Lb" ■ 

On the other hand, H = K'^CHbh) is a closed subspace of L'^{[0,T]) (cf. [IH], 
Section 5.1.3). Since 

Xlf : V-BH H and Ih : Hijif ^ -H^h 

are invertible operators, the restriction Jnlg ~ Ih ° (I^h)^^ invertible too. 
Moreover, from L. Decreusefond [Bj, Example 2 ; for every V' G ^^([0, ?"]), 

.V'H, 



JhW 



fH 



if H;? 1/2 and 
i^H^) if-ff s^l/2. 



Therefore, one can get an expression of J^^ and conclude. 
Remarks : 

(1) Note that when H = 1/2, = d/dt as proved at Section 3.1. 

(2) When iJ > 1/2, from pS", Proposition 5.2.2 ; for every h e "H^h, 



□ 



3l/2 



1 d 

X — 

ipH dt 



(h) 



where, Sh and S1/2 denote respectively the divergence operator associated 
to and the divergence operator associated to the Brownian motion B 
involving in the representation of B^ as a Volterra process. 

Precisely, since Sif2 is matching with Skorohod's integral against B : 
SnllH^h)] ^ 



r(3/2 - H) 



(34) 



Si/2Bt- 
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When H ^ 1/2, by following the same way : 



(35) 



r(i + i/)r(i - 2iJ) 



dt 



(s — u) hududs 



7. An APPLICATION IN FINANCE 



In this section, we provide an application of Theorem |5.1| and Corollary |5.2| in a 
market defined by a SDE in which the volatility is the solution of an equation driven 
by a fractional Brownian motion. 

Throughout this section, F takes its values in 

Consider a financial market consisting of d risky assets and denote by 5*°^'^ the 
associated prices process formally defined by : 

r s"^'^ = c(5'^'^) 

(36) \ dS^ ''' = h{Sl'^)dt + a{X^)dB^' with Sl'''',X^ e R'^. 

[ dx^ = fiixndB^^ 

On one hand, assume that : 

Assumption 7.1. B^^ and B^^ are two independent d- dimensional fractional 
Brownian motions with independent components and respective Hurst parameters 
Hi > 1/A and_H2 > l/4_. Functions 6 : M'' M'^ and a, n : ^ Md{M.) satisfy 
assumptions 



1.1 



4.1 forp^ (l/i?i) V {I/H2). The map c 



is such 



that Foe satisfies Assumption \1.2\ 
By using Theorem |5.1[ we show the existence and compute the sensitivity of 

fT{a,^i)^E[F{S^'^)]^E[{Foc){S^'^)] 
to any variation of the parameter /i. 



Equation ( 36 1 has to be formally rewritten as follow : 

dzr^'^^H,,;^ {zr'')dBf""' 

where, 

and Vb,CT;/i is the collection of vector fields on Rf IR2 defined by : 



1 



with 



b O TTDd 

^1 





and M, 



Cr O TTjjd 

O TTRd 



Proposition 7.2. Under Assumption 1.1 fxicr,.) is differentiable at point fi and 
for every /i S S, there exists two d-dimensional stochastic processes /i'^'^-^ and 
h"'!"'!^ defined on [0, T] such that : 

^M<^,^i).^i = E [(D(Fo 5-^); (/^i(/j-^^''^),/^i(/i-^^''^)))" 

with notations of Section 6. 
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Proof. On one hand, by construction, B^^-^"^ satisfies Assumption 3.5 Then, a 
Gaussian geometric p-rough path B^^'^^ exists over it from [12], Theorem 15.33 
by taking p = [l/Hi) V {1/H2). Moreover, since 6, a, fi and their derivatives up to 
the level [p] + 1 are bounded, T4 j .^ is a collection of 7-Lipschitz vector fields for 
7 > p. Therefore, by Proposition 2.9 equation (36 1 admits a unique solution in 
rough paths sense : 

Z^''^ = ^v,.„-jO,Zo;n"''"-) where B^^^^^ = (B^^-^^ © Id[o,T]). 
On the other hand, consider /i G S and 

Since B^^ and B^'^ are two independent fractional Brownian motions with inde- 



pendent components, B^^'^^ satisfies assumptions 3.6 
Theorem 



5.1 



there exists a 'H^gHi,H2- 



and 



4.2 



Therefore, from 



valued random variable rj'^'f^'t^ such that : 

9p/T(cr,M)-A = 5M„,,,E[(Foco7rRd)(Z^'^)].A/^ 

= E[(D(i^oS'J'''),/-i(r;'^'^''^))]. 

Precisely, since for every z G M.f © IR2! -^^<T;/i(^) is a non singular matrix by con- 
struction ; for every t € [0, T], 



(T:u.u 

Vt 



1 

T 



Finally, since Hgn^.H-i 



' T~L^B"2 ' "with notations of Section 6 : 



where, ft,'^'^'^ (resp. ft,'^-^'^) is the canonical projection of r]°''^^^^i^ on the Cameron- 
Martin's space of (resp. B^^). □ 

On the other hand, assume that : 

Assumption 7.3. B^^ and B^^ are two independent d- dimensional fractional 
Brownian motions with independent components and respective Hurst parameters 
Hi > 1/2 and H2 > 1/2. Functions h : and -.W^ ^ A^d(K) satisfy 

assumptions 



1.1 



i.lforp+1, withp^ {l/Hi)y{l/H2). The map c : . 



is such that Foe satisfies Assumption\l.S\ or Assumption\l .3\ 



Corollary 7.4. Under Assumption \7.3[ with notations of Section 6 : 
l^\{h"'-^^>^) £ dom{dH^) and G dom{SH.,). 

Moreover, 

Proof. It is an immediate consequence of Proposition |7.2| and Corollary |5.2| 

8. Numerical simulations 



□ 



In this section, we simulate the two sensitivities studied throughout this paper, 
when the driving signal of equation (jlj is a fractional Brownian motion B^ with 
Hurst parameter H > 1/2 and d = 1. 

In the sequel, we suppose that T ~ 1 and [0, 1] is dissected in Ni = 2^^ intervals 
of constant lengths 1/2^^ (dyadic subdivision of order N2 G N*). That subdivision 
is denoted by (t^; fc = 0, . . . , iVi). In simulations, we get discrete samples of B^ on 
it by using Wood-Chang's algorithm (cf. [3], Section 2.1.3). 
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8.1. Preliminaries. Consider d = 1, cr, G S, a; G M and the three following SDEs 
in Young's sense : 



(37) dX"^'" = b (X"^'") dt + a (Xf") dBf with X^ 

(38) dYt" = 6 {X^'") Yt'dt + & [X^'") Y^dB^ with Fff = 1 and 

(39) dZ^'^ = b (Xf -'") Z^'^dt + <7 (Xf ''") Z'^^^dB^ + a (X^^^'") dSf 



with Zq''^ = 0. 



Since Russo-Vallois integral is matching with Young's integral for H > 1/2, classi- 
cal Euler schemes for (37 1, (38 1 and (39 1 with step-size N^^ are respectively given 
by: 



Ni 



^0 



for fc = 1, 



X"' = X 

Iq — i 



= 



7^1 



In [2T|, A. Lejay proved the following result (cf. [5T], Proposition 5) : 

Proposition 8.1. Consider a continuous function w : [0,T] — > M'' of finite p- 
variation (p £ [1,2[^ and V a collection of differentiable vector fields on M** with 
a "f-Holder continuous derivative (7 €]0, 1[ and 7 -f 1 > p). Then, there exists a 
constant C(T,V,w) > 0, not depending on Ni, such that : 

\\y'''-y\L;T'^^(T,v,w)Nl-'/^ 

where, dyt — V{yt)dwt with initial condition yg G M'* and, y^^ is the associated 
Euler scheme with step-size l/Ni. 



On one hand, by reading carefully the proof of Proposition 8.1 in |5T] and Fernique's 
theorem, one can show that the random variable C(T, V, B" ) belongs to L^{fl;P) 
for every r > 0. Moreover, 6, cr G C^(M) and B^ has a-H61der continuous paths 
with a G]l/2,iJ]. Therefore, by Proposition 8 



Vr > 0, lim e(\\X^' - X'='''\\'' , 



On the other hand, equations (38 1 and (39) can be rewritten as follow 



dYf = A{Yt')dBl'''" and dZ, 



(T,CJ 
t 



i(Zf'").(dBf'"'^,dBf^"'^) 



where. 



dBf 



b {X^-") dt + & (Xf ''") dB^ and dB^ 



aixr)dB 



H 



and, A and A are two linear vector fields defined on M by A{y).w — yw and 
A{y).{w^ v) — yw + v for every v,w,y £ M. 

Since B^ and then, X'^'"' have a-Holder continuous paths with a g]1/2, iJ], B^-"''^ 
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has also a-H61der continuous paths from elementary properties of Young's inte- 
gral (cf. [12], Theorem 6.8). Therefore, since A and A are linear vector fields, 
assumptions of Proposition |8.1| are satisfied : 



Vr>0, lim E (\\Y^^ -Y''\\'' ^ = imd lim E (\\Z^^ - Z^'^f )=0 
because, C{T, A, 3"=^'''") and C[T, A, (B^^^'''^ , B""'"-")] belong to i''(f7;P). 
Remark. Note that from I. Nourdin and A. Neuenkirch [27 , Theorem 1 : 

r-l 



2H-1/ yNi 



1 



That result is older than [21 , Proposition 5. 



8.2. Simulations for F difFerentiable. First, let's provide two converging esti- 
mators : 



Proposition 8.2. Consider : 

n 



E 



1 



F ( ^ ) Zf' 



whe 



^j^l,7Vi yl.ATi ^l.Wi^ ^-^n.Ni yn.A^i ^n,JVi^ 

are n € N* independent copies of {X^'^ ,Y^^ , Z^'^). 



On one hand, under Assumption \l.S\ : 

(40) 9?=,^^. = e^'^i 

(41) e-; 

On the other hand, 
(42) 



> dxhix^cj) and 
> dafT{x,a).a. 



f^x fjX.Ni 



7V(0, 1) and 



(43) 



^ AA(0,1) 



where, anrf s^''j^^ are the empirical standard deviations of 

F (Xl'""') Yl-''\. ..,F (Xf'"^^) YT'"^^ and 



F 



respeciiueZy. 

Proof. Under Assumption |1.2| by preliminaries ; for every r > 

^Ni^-^Ni L' -hi vx,a\^x 



F(Xf i)r™i — > F{Xl'")Y^ and F(Xfi)Zfi ^ 



Therefore, (40 1 and (41) are true by the law of large numbers and, M2k and (43) 



are true by the central limit theorem together with Slutsky's lemma. 



□ 
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Via the second part of Proposition |8.2[ we obtain the two following a-confidence 
intervals (a e]0, 1[) : 

and 

where, = 1 — a/2 and $ is the repartition function of Af{0, 1). 

Numerical application. Suppose that H = 0.6, A^i — 2^^ with N2 ~ 15 and 
n = 500. Moreover, suppose that for every y E M., b{y) — 0, a{y) = 1 + , 
a{y) = 1 + tt/2 + arctan(?/), F{y) = y^ and a; = 1 : 



IC sensitivity estimator 

20t r--r--T--T--T , , 



10- 



5- 




-5- 



-loH ^ 1 1 1 1 1 1 1 1 1 

50 too 150 200 250 300 350 400 450 500 



Volatility sensitivity estimator 

20t r--r--T--T--T--T 



15- 




-5- 



-loH \ \ \ \ \ \ \ \ \ 1 

50 100 150 200 250 300 350 400 450 500 



IC sensitivity estimator Volatility sensitivity estimator 

0.05- Contidence interval 0.05- Confidence interval 

Figure 1. Convergence of estimators 



These are representations of 

ie{l,...,n}^ eij,^ (lu) and z G {1, . . . , n} 1— > G,^'^^ (lu) 

for a given uj G and then evaluate the convergence of estimators. Points of lateral 
curves are bounds of the 0.05-confidence intervals at steps i = 1, ... ,n for each 
estimator. Note that 0^ seems to converge faster than Q'^ '^. Precisely : 
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Statistics 


Values 




1.042 


0.05-confidence interval 


[0.851; 1.232] 


CI's length 


0.381 




7.112 


0.05-confidence interval 


[6.071; 8.154] 


CI's length 


2.083 



Confidence intervals lengths confirm that 8^ converges faster than Q'^-"'. 
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